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Abstract
Here we investigate the two-parameter high-frequency localization for the eigenfunctions of a
Schro¨dinger operator with a singular inverse square potential in high-dimensional balls and spherical
shells as the azimuthal quantum number l and the principal quantum number k tend to infinity
simultaneously, while keeping their ratio as a constant, generalizing the classical one-parameter
localization for Laplacian eigenfunctions [SIAM J. Appl. Math. 73:780-803, 2013]. We prove that
the eigenfunctions in balls are localized around an intermediate sphere whose radius is increasing
with respect to the l-k ratio. The eigenfunctions decay exponentially inside the localized sphere
and decay polynomially outside. Furthermore, we discover a novel second-order phase transition
for the eigenfunctions in spherical shells as the l-k ratio crosses a critical value. In the supercritical
case, the eigenfunctions are localized around a sphere between the inner and outer boundaries of the
spherical shell. In the critical case, the eigenfunctions are localized around the inner boundary. In the
subcritical case, no localization could be observed, giving rise to localization breaking.
Keywords: Laplace operator, eigenfunction, whispering gallery mode, focusing mode, quantum
number, second-order phase transition, critical value
AMS Subject Classifications: 35J05, 35J10, 35P99, 33C10, 35Q40
1 Introduction
The eigenfunctions of an elliptic operator, especially the Laplace operator, and their localization
phenomena have been extensively investigated in a wide range of mathematics and physics disciplines,
including but not limited to spectral theory, probability theory, dynamical systems, acoustics, optics,
wave mechanics, quantum mechanics, and condensed matter physics [1]. An historical documentation
of localization behavior dates back to the early 19th century, when Lord Rayleigh reported an acoustical
phenomenon that occurred in the whispering gallery of St Paul’s Cathedral in London [2]: the whisper
of one person propagated along the curved wall so that others can hear it from the opposite side of
the gallery. Other historical examples of whispering galleries include the Gol Gumbaz mausoleum
in Bijapur and the Echo Wall of the Temple of Heaven in Beijing. This acoustical effect and many
related wave phenomena can be mathematically explained by the so-called whispering gallery modes,
a certain type of Laplacian eigenmodes in a bounded domain, that are mostly distributed around the
boundary of the domain and almost zero inside. The existence of whispering gallery modes in the
limit of large eigenvalues has been constructed for an arbitrary two-dimensional domain with a smooth
convex boundary by Keller and Rubinow [3].
In addition, Chen and coworkers have reported another type of localization phenomenon resulting
from the so-called focusing modes [4]. Under a different limit of large eigenvalues, they found that
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the Laplacian eigenmodes are localized in a small subdomain and are almost zero outside. Both the
whispering gallery modes and focusing modes occur as the associated eigenvalue increases and thus are
called high-frequency or high-energy eigenmodes. These and other localized eigenmodes have been
intensively investigated for various domains, known as quantum billiards [5, 6]. Recently, a rigorous
mathematical theory of high-frequency localization for Laplacian eigenfunctions in circular, spherical,
and elliptical domains has been established by Nguyen and Grebenkov [7]. Readers may refer to [1, 8]
for comprehensive reviews about the geometric properties of Laplacian eigenfunctions.
In quantum physics and condensed matter physics, Schro¨dinger operators and their eigenfunctions
play a fundamental role. One of the most important localization phenomena in condensed matter physics
is Anderson localization [9], which describes the absence of diffusion of waves in disordered media and
explains the metal-insulator transitions in semiconductors. Although it has been widely studied over the
past fifty years [10, 11], there have been some recent developments regarding the mathematical analysis
and computation on this subject [12–15]. In addition, Schro¨dinger operators with a singular inverse
square potential have attracted increasing attention owing to its significant role in both mathematics and
in physics. Mathematically, the inverse square potential has the same differential order as the Laplace
operator [16], while it usually invokes strong singularities of the Schro¨dinger eigenfunctions and thus
cannot be treated as a lower-order perturbation term [17–20]. Physically, the inverse square potential
serves as an intermediate threshold between regular potentials and singular potentials in nonrelativistic
quantum mechanics [21]. Furthermore, it also arises in many other scientific fields such as nuclear
physics, molecular physics, and quantum cosmology [22].
In this paper, we consider the eigenfunctions of the Schro¨dinger operator
Lu = −4u+ c
2
|x|2u
with a singular inverse square potential, where c ≥ 0 is the strength of the potential. Here we focus
on the case of d ≥ 2. Specifically, we consider the following eigenvalue problem with the Dirichlet
boundary condition: {
Lu = λu in Ω,
u = 0 on ∂Ω,
(1)
where Ω is a bounded region in Rd with a smooth boundary. In fact, other boundary conditions such as
the Neumann and Robin boundary conditions can be analyzed in a similar way.
Define the Sobolev spaces
W 1(Ω) = H1(Ω) ∩ L2r−2(Ω), W 10 (Ω) = H10 (Ω) ∩ L2r−2(Ω)
equipped with the norm
‖u‖W 1(Ω) = (‖∇u‖2 + ‖u‖2r−2)1/2.
Then the variational form of (1) is to find λ ∈ R and u ∈W 10 (Ω) \ {0} such that
(∇u,∇v)Ω + c2(u, v)r−2,Ω = λ(u, v)Ω, v ∈W 10 (Ω).
By the Sturm-Liouville theory, all eigenvalues of the eigenvalue problem (1) can be listed as
0 < λ1 < λ2 ≤ · · · ≤ λn →∞.
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Moreover, it is known that that λn = O(n2/d) for any fixed c ≥ 0 [16]. When c = 0, the Schro¨dinger
operator L reduces to the classical Laplacian, whose localization has been discussed extensively [7].
The aim of the present work is to investigate the high-frequency localization for the eigenfunctions
of the Schro¨dinger operator L with a singular inverse square potential in high-dimensional balls and
spherical shells. It turns out that the operator L has an azimuthal quantum number l and a principal
quantum number k. Compared with previous studies on whispering gallery modes in the limit of l→∞
and focusing modes in the limit of k → ∞ [7], we consider here a novel two-parameter localization
for Schro¨dinger eigenfunctions as l, k → ∞ simultaneously while keeping their ratio l/k → w as a
constant. Some new localization phenomena are discovered and the rigorous Lp-localization theory is
established. We prove that the eigenfunctions in balls are localized around an intermediate sphere whose
radius is increasing with respect to the l-k ratio w. The classical whispering gallery modes and focusing
modes for the Laplaian can be viewed as limiting cases of our two-parameter localization as w → ∞
and w → 0, respectively. The eigenfunctions are shown to decay exponentially inside the localized
sphere and decay polynomially outside. Furthermore, we observe an interesting second-order phase
transition for the eigenfunctions in spherical shells when the l-k ratio w crosses a critical value s(R)
which is decreasing with respect to the ratio R of the outer and inner radii of the spherical shell. In the
supercritical case of w > s(R), the eigenfunctions are localized around an intermediate sphere whose
radius is increasing with respect to w with w = ∞ corresponding to whispering gallery modes. In the
critical case of w = s(R), the eigenfunctions are localized around the inner boundary of the spherical
shell, giving rise to the so-called critical modes. In the subcritical case of w < s(R), the eigenfunctions
fail to be localized, leading to new phenomena of localization breaking and focusing mode breaking.
2 Localization for Schro¨dinger eigenfunctions in balls
In this section, we consider the case when the domain
Ωball = {x ∈ Rd : |x| < 1}
is the unit ball centered at the origin. In spherical coordinates, the Laplace operator can be written as
∆ =
∂2
∂r2
+
d− 1
r
∂
∂r
+
1
r2
∆0
where r = |x| is the radial coordinate and∆0 is the Laplace-Beltrami operator on the (d−1)-dimensional
sphere Sd−1. It is well known that the eigenfunctions of the spherical Laplacian ∆0 are the spherical
harmonics of degree l = 0, 1, 2, · · · [23, 24]. For each l ≥ 0, we have
∆0f = −l(l + d− 2)f, f ∈ Hl,
where Hl is the vector space of spherical harmonics of degree l whose dimension is given by
dimHl =
(
l + d− 1
d− 1
)
−
(
l + d− 3
d− 1
)
.
In spherical coordinates, the eigenvalue problem (1) can be rewritten as
∂2u
∂r2
+
d− 1
r
∂u
∂r
+
(
λ+
∆0 − c2
r2
)
u = 0.
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We now represent the eigenfunction u in the variable separation form as
u(x) = v(r)Ylm(ξ)
where r is the angular coordinate, ξ = (ξ1, · · · , ξd−1) are angular coordinates, and {Ylm : 1 ≤ m ≤
dimHl} is an orthonormal basis of Hl. It is easy to check that the radial part v(r) satisfies the second-
order ordinary differential equation
∂2v
∂r2
+
d− 1
r
∂v
∂r
+
(
λ− l(l + d− 2) + c
2
r2
)
v = 0. (2)
For convenience, set
νl =
√(
l +
d
2
− 1
)2
+ c2.
Then (2) can be rewritten as
r2
∂2
∂r2
[r
d
2
−1v] + r
∂
∂r
[r
d
2
−1v] + (λr2 − ν2l )r
d
2
−1v = 0.
We then define a new variable t =
√
λr and set vˆ(t) = r
d
2
−1v(r). Then the new function vˆ turns out to
be the solution of the Bessel equation
t2
∂2vˆ
∂t2
+ t
∂vˆ
∂t
+ (t2 − ν2l )vˆ = 0,
whose general solutions can be expressed as the linear combination of Bessel functions of the first and
second kinds. Since we now focus on the eigenvalue problem in the unit ball, the eigenfunction should
not explode at the origin and thus
vˆ(t) = Jνl(t),
where Jνl is the Bessel function of the first kind of order νl. Thus, the radial part
v(r) = r1−
d
2 Jνl(
√
λr),
is an ultraspherical Bessel function. With this expression, the Dirichlet boundary condition is converted
into
Jνl(
√
λ) = 0.
For each l ≥ 0, the eigenvalue problem (1) has infinitely many positive eigenvalues
λlk = j
2
νl,k, k = 1, 2, · · · ,
where jνl,k is the kth zero of the Bessel function Jνl . Finally, all basis eigenfunctions of the eigenvalue
problem (1) can be represented as
uklm(r, ξ) = r
1− d
2 Jνl(jνl,kr)Ylm(ξ).
In quantum mechanics, k is called the principal quantum number, l is called the azimuthal quantum
number, andm is called the magnetic quantum number. In the two-dimensional case, the corresponding
eigenfunctions in the unit disk are given by
ukl1(r, θ) = Jνl(jνl,kr) cos lθ, ukl2(r, θ) = Jνl(jνl,kr) sin lθ.
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Fig. 1. Eigenfunctions and localized radii of the Laplacian and Schro¨dinger operators. (a) An eigenfunction
of the two-dimensional Laplace operator when l = 0 and k = 2, which does not collapse at the origin. (b) An
eigenfunction of the two-dimensional Schro¨dinger operator when c = 1, l = 0, and k = 2, which collapses at the
origin. (c) The localized radius of Schro¨dinger eigenfunctions versus the l-k ratio w as l, k →∞ simultaneously.
There is an apparent difference between the eigenfunctions for Laplacian and Schro¨dinger operators
in the two dimensional case. When d = 2, the order νl of the Bessel function reduces to
νl =
√
l2 + c2.
In particular, we have ν0 = c. Since J0(0) = 1 and Jc(0) = 0 for any c > 0, when the azimuthal
quantum number l = 0, the Schro¨dinger eigenfunctions will collapse at the origin but the Laplacian
eigenfunctions will not, as depicted in Fig. 1(a),(b). With the increase of l, the eigenfunctions for the
two operators become increasingly similar to each other.
In previous studies, the high-frequency localization for Laplacian eigenfunctions has been studied
extensively as l → ∞ and k is fixed or as k → ∞ and l is fixed [7]. Here we consider a more general
two-parameter high-frequency localization for Schro¨dinger eigenfunctions as l, k →∞ simultaneously
while keeping l/k → w.
Lemma 2.1. As l, k →∞ while keeping l/k → w > 0, we have
jνl,k
νl
→ h(w),
where h(w) > 1 is the unique solution of the algebraic equation√
h(w)2 − 1− arcsec (h(w)) = pi
w
. (3)
Proof. Let f be a function on [1,∞) defined by f(z) = √z2 − 1− arcsec z. It is easy to prove that f
is a strictly increasing function with
f(1) = 0, lim
z→∞ f(z) =∞.
Thus, the algebraic equation (3) has a unique solution h(w) > 1. Let ak is the kth zero of the Airy
function Ai(z). As l, k → ∞ and l/k → w > 0, the zero jνl,k of the Bessel function Jνl(z) has the
following asymptotic behavior [25, Equation 10.21.41]:
jνl,k = νlz(ζ) +O(ν
−1
l ),
where ζ = ν−2/3l ak and z(ζ) is the unique solution of
2
3
(−ζ)3/2 =
√
z(ζ)2 − 1− arcsec (z(ζ)).
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Moreover, as k → ∞, the kth zero ak of the Airy function Ai(z) can be represented as [25, Equation
9.9.6]
ak = −T
(
3pi
8
(4k − 1)
)
,
where the function T has the following asymptotic behavior [25, Equation 9.9.18]:
T (t) = t2/3 +O(t−4/3).
Combining the above two equations shows that
ak = −
(
3pik
2
)2/3
+O(k−1/3).
Therefore, we have
−ζ = −ν−2/3l ak ∼
(
3pik
2l
)2/3
∼
(
3pi
2w
)2/3
.
This shows that √
z(ζ)2 − 1− arcsec (z(ζ)) = 2
3
(−ζ)3/2 ∼ pi
w
.
Thus, we finally obtain that
jνl,k
νl
= z(ζ) +O(ν−2l ) ∼ h(w),
which completes the proof.
The two-parameter L∞-localization for Schro¨dinger eigenfunctions in balls is stated as follows.
Theorem 2.2. For any r > 0 and  > 0, let D(r, ) = {x ∈ Rd : ||x| − r| ≥ }. Then for any  > 0, as
l, k →∞ while keeping l/k → w > 0, we have
‖uklm‖L∞(D(1/h(w),))
‖uklm‖L∞(Ωball)
→ 0,
where h(w) > 1 is defined in (3).
Proof. For any r > 0 and  > 0, let
D1(r, ) = {x ∈ Rd : |x| ≤ r − }, D2(r, ) = {x ∈ Rd : r +  ≤ |x| ≤ 1}. (4)
Clearly, we have
‖uklm‖L∞(D1(1/h(w),))
‖uklm‖L∞(Ωball)
=
‖(jνl,kr)1−d/2Jνl(jνl,kr)‖L∞([0,1/h(w)−])
‖(jνl,kr)1−d/2Jνl(jνl,kr)‖L∞([0,1])
.
Since jν,k > ν for any ν ≥ 0 and k ≥ 1 [25, Equation 10.21.3], we have
‖(jνl,kr)1−d/2Jνl(jνl,kr)‖L∞([0,1]) ≥ ν1−d/2l Jνl(νl).
Therefore, when l is sufficiently large,
‖uklm‖L∞(D1(1/h(w),))
‖uklm‖L∞(Ωball)
≤ sup
r≤1/h(w)−
z(r)1−d/2
Jνl(νlz(r))
Jνl(νl)
,
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where
z(r) =
jνl,kr
νl
< 1− .
By the Paris inequality [25, Equation 10.14.7], for any ν ≥ 0 and 0 < z ≤ 1, we have
1 ≤ Jν(νz)
zνJν(ν)
≤ eν(1−z). (5)
Since f(z) = ze1−z is an increasing function on [0, 1], it is easy to see that
sup
z<1−
z1−d/2
Jνl(νlz)
Jνl(νl)
≤ e(1−z)(d/2−1)[ze(1−z)]νl+1−d/2 . qνl+1−d/2,
where
q = (1− )e < 1. (6)
This shows that ‖uklm‖L∞(D1(1/h(w),))
‖uklm‖L∞(Ωball)
. qνl+1−d/2 → 0. (7)
On the other hand, when l is sufficiently large,
‖uklm‖L∞(D2(1/h(w),))
‖uklm‖L∞(Ωball)
≤ sup
1/h(w)+≤r≤1
z(r)1−d/2
|Jνl(νlz(r))|
Jνl(νl)
,
where
1 +  < z(r) =
jνl,kr
νl
< 2h(w). (8)
By a result of Cauchy [25, Equation 10.19.8], as ν →∞, we have
Jν(ν) ∼ 2
1/3
32/3Γ(2/3)ν1/3
. (9)
Furthermore, as ν → ∞ with 0 < β < pi/2 fixed, the Bessel function of the first kind has Debye’s
expansion [25, Equation 10.19.6]
Jν(ν secβ) ∼
(
2
piν tanβ
)1/2 [
cos
(
ν(tanβ − β)− pi
4
)
+O(ν−1)
]
,
which holds uniformly for β on compact sets in (0, pi/2). This suggests that as ν → ∞ with z > 1
fixed, we have
Jν(νz) ∼
(
4
pi2(z2 − 1)
)1/4 [
cos
(
ζ(z)ν − pi
4
)
+O(ν−1)
]
ν−1/2. (10)
where
ζ(z) =
√
z2 − 1− arcsec(z).
Since the expansion holds uniformly for z on compact sets in (1,∞), it follows from (8), (9), and (10)
that
sup
1+<z<2h(w)
z1−d/2
|Jνl(νlz)|
Jνl(νl)
. ν−1/6l .
This shows that ‖uklm‖L∞(D2(1/h(w),))
‖uklm‖L∞(Ωball)
. ν−1/6l → 0. (11)
Combining (7) and (11) gives the desired result.
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The two-parameter Lp-localization for Schro¨dinger eigenfunctions in balls is stated as follows.
Theorem 2.3. The notation is the same as in Theorem 2.2. Then for any  > 0 and p > 4, as l, k →∞
while keeping l/k → w > 0, we have
‖uklm‖Lp(D(1/h(w),))
‖uklm‖Lp(Ωball)
→ 0,
where h(w) > 1 is defined in (3).
Proof. For convenience, set α = (1−d/2)p+d−1. For any r > 0 and  > 0, letD1(r, ) andD2(r, )
be the domains defined in (4). When l is sufficiently large, we have
‖uklm‖pLp(D1(1/h(w),))
‖uklm‖pLp(Ωball)
=
∫ 1/h(w)−
0 |r1−d/2Jνl(jνl,kr)|prd−1dr∫ 1
0 |r1−d/2Jνl(jνl,kr)|prd−1dr
=
∫ (1/h(w)−)jνl,k/νl
0 z
α|Jνl(νlz)|pdz∫ jνl,k/νl
0 z
α|Jνl(νlz)|pdz
≤
∫ 1−
0 z
αJνl(νlz)
pdz∫ 1
0 z
αJνl(νlz)
pdz
.
Using the Paris inequality (5) and noting that f(z) = ze1−z is an increasing function on [0, 1], we have∫ 1−
0
zαJνl(νlz)
pdz ≤ Jνl(νl)p
∫ 1−
0
zα[ze(1−z)]pνldz
≤ Jνl(νl)p
∫ 1−
0
[ze(1−z)]pνl+αe−α(1−z)dz
. Jνl(νl)pqpνl+α.
where q ∈ (0, 1) is the constant defined in (6). On the other hand, it follows from [25, Equation 10.19.8]
that as ν →∞ with a ∈ R fixed, we have
Jν(ν + aν
1/3) = 21/3Ai(−21/3a)ν−1/3[1 +O(ν−2/3)].
Since Ai(z) > 0 when |z| is sufficiently small, there exists a > 0 such that
Jν(z) & ν−1/3, whenever |z − ν| ≤ aν1/3. (12)
This implies that ∫ 1
0
zαJνl(νlz)
pdz ≥
∫ 1
1−aν−2/3l
zαJνl(νlz)
pdz & ν−(p+2)/3l .
Thus, for any p ≥ 1, it follows from (9) that
‖uklm‖pLp(D1(1/h(w),))
‖uklm‖pLp(Ωball)
. ν(p+2)/3l Jνl(νl)
pqpνl+α . ν2/3l q
pνl+α → 0. (13)
On the other hand, when l is sufficiently large, we have
‖uklm‖pLp(D2(1/h(w),))
‖uklm‖pLp(Ωball)
=
∫ 1
1/h(w)+ |r1−d/2Jνl(jνl,kr)|prd−1dr∫ 1
0 |r1−d/2Jνl(jνl,kr)|prd−1dr
=
∫ jνl,k/νl
(1/h(w)+)jνl,k/νl
zα|Jνl(νlz)|pdz∫ jνl,k/νl
0 z
α|Jνl(νlz)|pdz
≤
∫ h(w)+
1+ z
α|Jνl(νlz)|pdz∫ h(w)−
1 z
α|Jνl(νlz)|pdz
.
8
When 1 +  ≤ z ≤ h(w) + , it follows from (10) that
|Jνl(νlz)| . ν−1/2l .
This shows that ∫ h(w)+
1+
zα|Jνl(νlz)|pdz . ν−p/2l
∫ h(w)+
1+
zαdz . ν−p/2l .
Moreover, it follows from (12) that∫ h(w)−
1
zα|Jνl(νlz)|pdz ≥
∫ 1+aν−2/3l
1
zα|Jνl(νlz)|pdz & ν−(p+2)/3l .
Therefore, when p > 4, we have
‖uklm‖pLp(D2(1/h(w),))
‖uklm‖pLp(Ωball)
. ν(p+2)/3−p/2l → 0. (14)
Combining (13) and (14) gives the desired result.
Remark 2.4 (localized radii). The above two theorems characterize the two-parameter high-frequency
localization for the Schro¨dinger eigenfunctions uklm in the unit ball. As l, k → ∞ while keeping their
ratio l/k → w > 0 as a constant, the eigenfunctions are localized around an intermediate sphere with
radius 1/h(w) ∈ (0, 1). From (3), we can see that the localized radius is independent of the strength c
of the inverse square potential. Fig. 2(a)-(c) illustrate the graphs and heat maps of the eigenfunctions
under different choices of k and l in the case of d = 2, c = 1, and w = 5, where the localized radius
is 1/h(5) ≈ 0.5. The relationship between the l-k ratio w and the localized radius 1/h(w) is depicted
in Fig. 1(c), from which we can see that with the increase of the l-k ratio, the localized radius will also
increase.
Remark 2.5 (decaying speed). Although the Schro¨dinger eigenfunctions are mostly distributed around
an intermediate sphere as l, k →∞ while keeping l/k → w, the decaying speeds of the eigenfunctions
inside and outside the localized sphere are completely different. From (7) and (11), we can see that the
eigenfunctions decay at the exponential speed of qνl inside the localized sphere and decay at the much
lower polynomial speed of ν−1/6l outside the localized sphere. This is clearly seen from Fig. 2(c) in
the two-dimensional case. When l = 10000 and l/k = 5, the eigenfunction almost vanishes inside
the localized circle, but still fluctuates within a narrow range of zero outside the localized circle. In
addition, from (13) and (14), we can see that the eigenfunctions are Lp-localized for any p ≥ 1 inside
the localized sphere and are Lp-localized for any p > 4 outside the localized sphere.
Imitating the proof of the above two theorems or using the technique presented in [7], we can obtain
the one-parameter high-frequency localization for Schro¨dinger eigenfunctions in balls as l →∞ and k
is fixed or as k →∞ and l is fixed.
Corollary 2.6. For any  > 0, let A() = {x ∈ Rd : |x| ≤ 1− }. Then for any  > 0 and 1 ≤ p ≤ ∞,
we have
lim
l→∞
‖uklm‖Lp(A())
‖uklm‖Lp(Ωball)
= 0.
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Fig. 2. Two-parameter localization for Schro¨dinger eigenfunctions in the unit disk. As l, k → ∞ while
keeping l/k → w > 0, the eigenfunctions uklm are localized around a sphere with radius 1/h(w) ∈ (0, 1). The
eigenfunctions are exhibited by both the three-dimensional graphs (upper) and two-dimensional heat maps with
colorbars (lower). The eigenfunctions decay exponentially inside the localized circle and decay polynomially
outside. (a) l = 5 and k = 1. (b) l = 100 and k = 20. (c) l = 10000 and k = 200. In (a)-(c), we keep the l-k
ratio as w = 5, in which case the localized radius is 1/h(5) ≈ 0.5. The parameter c = 1 in all cases and the
eigenfunctions are normalized so that the supreme norm is 1.
The above corollary shows that the eigenfunctions are localized around the boundary of the unit
ball as l→∞ and k is fixed. These eigenfunctions are called whispering gallery modes [7].
Corollary 2.7. For any  > 0, let B() = {x ∈ Rd :  ≤ |x| ≤ 1}. Then for any  > 0 and
2d
d− 1 < p ≤ ∞,
we have
lim
k→∞
‖uklm‖Lp(B())
‖uklm‖Lp(Ωball)
= 0.
Proof. We only consider Lp-localization for p <∞. When k is sufficiently large, we have
‖uklm‖pLp(B())
‖uklm‖pLp(Ωball)
=
∫ 1
 |r1−d/2Jνl(jνl,kr)|prd−1dr∫ 1
0 |r1−d/2Jνl(jνl,kr)|prd−1dr
=
∫ jνl,k
jνl,k
zα|Jνl(z)|pdz∫ jνl,k
0 z
α|Jνl(z)|pdz
,
where α = (1 − d/2)p + d − 1. It is known that jν,k ∼ mpi as m → ∞ for any ν ≥ 0 [25, Equation
10.21.19]. Moreover, as z →∞ with ν ≥ 0 fixed, it follows from [25, Equation 10.17.3] that
Jν(z) ∼
(
2
piz
)1/2
cos
(
z − νpi
2
− pi
4
)
.
Thus, when k is sufficiently large, we have∫ jνl,k
jνl,k
zα|Jνl(z)|pdz .
∫ jνl,k
jνl,k
zα−p/2dz
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When p > 2d/(d− 1), we have α− p/2 < −1. It thus follows from Cauchy’s criterion that
lim
k→∞
∫ jνl,k
jνl,k
zα|Jνl(z)|pdz = 0.
Moreover, it is obvious that
lim
k→∞
∫ jνl,k
0
zα|Jνl(z)|pdz =
∫ ∞
0
zα|Jνl(z)|pdz > 0.
Combining the above two equations gives the desired result.
The above corollary shows that the eigenfunctions are localized around the center of the unit ball
as k →∞ and l is fixed. These eigenfunctions are called focusing modes [7].
Remark 2.8 (relationship between one-parameter and two-parameter localization). In fact, both
the whispering gallery modes and focusing modes can be viewed as limiting cases of our two-parameter
localization. As l→∞ and k is fixed, we have l/k →∞. In the limiting case of w →∞, the localized
radius 1/h(w) → 1 and thus the eigenfunctions are localized around the boundary of the ball, giving
rise to whispering gallery modes. On the other hand, as k → ∞ and l is fixed, we have l/k → 0. In
the limiting case of w → 0, the localized radius 1/h(w)→ 0 and thus the eigenfunctions are localized
around the center of the ball, giving rise to focusing modes.
Remark 2.9 (quantummechanistic picture). From the aspect of quantummechanics, as the azimuthal
quantum number l increases, the angular momentum of the particle also increases, which throws the
particle outwards and thus induces localization around the boundary. On the other hand, since the
inverse square potential V (x) = c2/|x|2 corresponds to an expulsive force, the energy of the particle
is high when it is close to the origin and is low when it is far away from the origin. As the principal
quantum number k increases, the energy of the particle also increases, which pulls the particle towards
the origin and thus induces localization around the center. These provide a qualitative explanation of
whispering gallery modes and focusing modes.
3 Localization for Schro¨dinger eigenfunctions in spherical shells
In the section, we consider the eigenvalue problem (1) in the domain
Ωshell = {x ∈ Rd : 1 < |x| < R},
which is a spherical shell centered at the origin with inner radius 1 and outer radius R > 1. Similarly,
we represent the eigenfunction u in the variable separation form as u(x) = v(r)Ylm(ξ), where v(r) is
the radial part and Ylm(ξ) is the angular part. We then define t =
√
λr and set vˆ(t) = r
d
2
−1v(r). Then
the new function vˆ turns out to be the solution of the Bessel equation
t2
∂2vˆ
∂t2
+ t
∂vˆ
∂t
+ (t2 − ν2l )vˆ = 0,
whose solution is given by
vˆ(t) = αJνl(t) + βYνl(t),
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where Jνl and Yνl are Bessel functions of the first and second kinds of order νl, respectively. Thus, the
radial part of the eigenfunction is given by
v(r) = r1−
d
2 [αJνl(
√
λr) + βYνl(
√
λr)].
With this expression, the Dirichlet boundary condition is converted into the system of linear equations{
αJνl(
√
λ) + βYνl(
√
λ) = 0,
αJνl(
√
λR) + βYνl(
√
λR) = 0.
Since α and β are not simultaneously zero, the determinant of the coefficient matrix of the above system
of linear equations must be zero, that is,
Jνl(
√
λ)Yνl(
√
λR)− Yνl(
√
λ)Jνl(
√
λR) = 0.
For each l ≥ 0, the eigenvalue problem (1) has infinitely many positive eigenvalues
λlk = a
2
νl,k, k = 1, 2, · · · ,
where aνl,k is the kth zero of the cross product
fνl,R(z) = Jνl(z)Yνl(Rz)− Yνl(z)Jνl(Rz). (15)
Since Jνl and Yνl do not have common positive zeros [25, Equation 10.9.30], all basis eigenfunctions
of the eigenvalue problem (1) can be represented as
uklm(r, ξ) = r
1− d
2 [Jνl(aνl,k)Yνl(aνl,kr)− Yνl(aνl,k)Jνl(aνl,kr)]Ylm(ξ) = r1−
d
2Fνl,k(aνl,kr)Ylm(ξ),
where
Fνl,k(z) = Jνl(aνl,k)Yνl(z)− Yνl(aνl,k)Jνl(z)
is a cylinder function, which is defined as a linear combination of Bessel functions of the first and
second kinds.
We next investigate the two-parameter high-frequency localization for Schro¨dinger eigenfunctions
in spherical shells as l, k →∞ simultaneously while keeping l/k → w.
Lemma 3.1. As l, k →∞ while keeping l/k → w > 0, we have
aνl,k
νl
→ gR(w)
w
,
where gR(w) is the unique solution of the initial value problem
dy
dw
=
arccos
(
w
Ry
)
− arccos
(
w
y
)
I{|w|≤|y|}
R
√
1−
(
w
Ry
)2 −√1− (wy )2I{|w|≤|y|} , y(0) =
pi
R− 1 . (16)
Moreover, both gR(w) and w/gR(w) are strictly increasing functions on (0,∞) with
lim
w→0
w
gR(w)
= 0, lim
w→∞
w
gR(w)
= R.
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Proof. By [26, Theorem 1.1], as l, k →∞ while keeping l/k → w > 0, we have
aνl,k
k
→ gR(w),
where gR(w) is the unique solution of the initial value problem (16). This shows that
aνl,k
νl
=
aνl,k
k
k
νl
→ gR(w)
w
.
Moreover, it follows from [26, Proposition 3.1] that gR(w) is a strictly increasing function with
w
R
< gR(w) <
fR(w)
R
, (17)
where fR(w) is the unique solution to the initial value problem
dy
dw
=
arccos
(
w
y
)
√
1−
(
w
y
)2 , y(0) = piRR− 1 . (18)
Since
arccosx = arctan
√
1− x2
x
<
√
1− x2
x
, 0 < x < 1, (19)
it follows from [26, Equation (3.1)] that
g′R(w) ≤
arccos
(
w
RgR(w)
)
R
√
1−
(
w
RgR(w)
)2 < gR(w)w .
Thus, we have (
w
gR(w)
)′
=
gR(w)− wg′R(w)
gR(w)2
> 0,
which shows that w/gR(w) is a strictly increasing function. Moreover, it is obvious that fR(w) > w for
each w > 0. It thus follows from (19) that
f ′R(w) =
arccos
(
w
fR(w)
)
√
1−
(
w
fR(w)
)2 < fR(w)w . (20)
Similarly, we can prove that w/fR(w) is a strictly increasing function. By L’Hospital’s rule, we have
lim
w→∞
fR(w)
w
= lim
w→∞ f
′
R(w) , η.
Taking w →∞ in (20) yields
η
√
1− (1/η)2 = arccos (1/η) ,
whose unique solution is given by
lim
w→∞
fR(w)
w
= η = 1. (21)
This fact, together with (17), gives the desired limits.
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Fig. 3. Localized radii, critical values, and localized indices for Schro¨dinger eigenfunctions in spherical
shells. (a) The localized radius w/gR(w) of the eigenfunctions versus the l-k ratio w under different choices of the
outer radius R as l, k →∞ simultaneously. (b) The critical value s(R) versus the outer radius R. (c) The localized
index γR,(w) versus the l-k ratio w in the case of R = 3 under different choices of , which characterizes the
width of the neighborhood of the localized sphere.
The graphs of the function w/gR(w) under different choices of the outer radius R > 1 are depicted
in Fig. 3(a). Since it is a strictly increasing function ranging from 0 to R, there must exist a unique
critical value s(R) > 0 such that
gR(s(R)) = s(R).
This critical value will play a crucial role in the localization behavior for Schro¨dinger eigenfunctions in
spherical shells. The monotonic dependence of the critical value s(R) on the outer radiusR is described
in the following proposition and depicted in Fig. 3(b).
Proposition 3.2. s(R) is a strictly decreasing function of R. Moreover, s(R) has the following limit
behavior:
lim
R→1+
s(R) =∞, lim
R→∞
s(R) = 0.
Proof. By the definition of gR(w), it is not hard to prove that gR(w) is strictly decreasing with respect
to R for each w > 0. This shows that s(R) is a strictly decreasing function of R. Moreover, it follows
from [26, Proposition 3.1] that
pi
R− 1 < gR(w) <
pi
R− 1 +
piw
2R
. (22)
This shows that
s(R) >
pi
R− 1 ,
which gives the first limit. On the other hand, when R > pi/2, it follows from (22) that
s(R) <
2piR
(R− 1)(2R− pi) ,
which gives the second limit.
To investigate the localization behavior for Schro¨dinger eigenfunctions in spherical shells, we need
the Paris-type inequalities for cylinder functions. In fact, the lower bound of the Paris-type inequality
for cylinder functions has been discussed in [27]. The following lemma gives an upper bound.
Lemma 3.3. Suppose that l/k → w > s(R) as l, k →∞. When l is sufficiently large, we have
0 ≤ Fνl,k(νlz)
zνlFνl,k(νl)
≤ e
ν2
l
(1−z2)
2(νl+1) ≤ eνl(1−z), aνl,k
νl
≤ z ≤ 1. (23)
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Proof. Since z/gR(z) is a strictly increasing function, as l, k → ∞ while keeping l/k → w > s(R),
we have
aνl,k
νl
→ gR(w)
w
<
gR(s(R))
s(R)
= 1.
When l is sufficiently large, we have aνl,k < νl and thus
Yνl(aνl,k) < 0 < Jνl(aνl,k), Yνl(νl) < 0 < Jνl(νl).
It follows from [27, Page 80] that
Jν(νz)
zνJν(ν)
≤ e ν
2(1−z2)
2(ν+1) , ν > 0, 0 < z ≤ 1.
and it follows from [27, Page 79] that
Yν(νz)
zνYν(ν)
≥ e ν
2(1−z2)
2(ν+1) , ν > 0, 0 < z ≤ 1.
Combining the above two equations, we obtain that
Jνl(aνl,k)Yνl(νlz)− Yνl(aνl,k)Jνl(νlz) ≤ e
ν2
l
(1−z2)
2(νl+1) zνl [Jνl(aνl,k)Yνl(νl)− Yνl(aνl,k)Jνl(νl)].
For any aνl,k/νl < z ≤ 1, we have
Jνl(aνl,k)Yνl(νlz)− Yνl(aνl,k)Jνl(νlz) = fνl,R(z)(aνl,k),
where R(z) = νlz/aνl,k > 1 and fνl,R(z) is the cross product defined in (15). Let bνl,1 be the first zero
of the cross product fνl,R(z). It then follows from [26, Equation 1.1] that
bνl,1 >
νl
R(z)
=
aνl,k
z
≥ aνl,k.
This shows that fνl,R(z)(aνl,k) > 0 for any aνl,k/νl < z ≤ 1 and thus
0 <
Fνl,k(νlz)
zνlFνl,k(νl)
=
Jνl(aν,k)Yνl(νlz)− Yνl(aνl,k)Jνl(νlz)
zνl [Jνl(aνl,k)Yνl(νl)− Yνl(aνl,k)Jνl(νl)]
≤ e
ν2
l
(1−x2)
2(νl+1) ,
which completes the proof.
The two-parameter L∞-localization for Schro¨dinger eigenfunctions in spherical shells is stated as
follows.
Theorem 3.4. For any r > 0 and  > 0, let D(r, ) = {x ∈ Rd : ||x| − r| ≥ }. Then for any  > 0, as
l, k →∞ while keeping l/k → w > s(R), we have
‖uklm‖L∞(D(w/gR(w),))
‖uklm‖L∞(Ωshell)
→ 0,
where gR(w) is defined in (16).
Proof. Since z/gR(z) is a strictly increasing function and w > s(R), we have
1 =
s(R)
gR(s(R))
<
w
gR(w)
< R.
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For any r > 0 and  > 0, let D1(r, ) and D2(r, ) be the domains defined in (4). Clearly, we have
‖uklm‖L∞(D1(w/gR(w),))
‖uklm‖L∞(Ωshell)
=
‖(aνl,kr)1−d/2Fνl,k(aνl,kr)‖L∞([1,w/gR(w)−])
‖(aνl,kr)1−d/2Fνl,k(aνl,kr)‖L∞([1,R])
.
When l is sufficiently large, we have
1 <
νl
aνl,k
< R,
and thus
‖(aνl,kr)1−d/2Fνl,k(aνl,kr)‖L∞([1,R]) ≥ ν1−d/2l Fνl,k(νl).
Therefore, when l is sufficiently large,
‖uklm‖L∞(D1(w/gR(w),))
‖uklm‖L∞(Ωshell)
≤ sup
1≤r≤w/gR(w)−
z(r)1−d/2
Fνl,k(νlz(r))
Fνl,k(νl)
,
where
aνl,k
νl
≤ z(r) = aνl,kr
νl
< 1− 
R
.
By Lemma 3.3, since f(x) = xe1−x is an increasing function on [0, 1], it is easy to see that
sup
z<1−/R
z1−d/2
Fνl,k(νlz)
Fνl,k(νl)
≤ e(1−z)(d/2−1)[ze(1−z)]νl+1−d/2 . qνl+1−d/2,
where
q = (1− /R)e/R < 1. (24)
This shows that ‖uklm‖L∞(D1(w/gR(w),))
‖uklm‖L∞(Ωshell)
. qνl+1−d/2 → 0. (25)
On the other hand, when l is sufficiently large,
‖uklm‖L∞(D2(w/gR(w),))
‖uklm‖L∞(Ωshell)
≤ sup
w/gR(w)+≤r≤R
z(r)1−d/2
|Fνl,k(νlz(r))|
Fνl,k(νl)
,
where
1 +

R
< z(r) =
aνl,kr
νl
< R.
By Debye’s expansions for Bessel functions [25, Equation 10.19.3], as ν → ∞ with α > 0 fixed, we
have
Jν(ν sechα) ∼ e
−(α−tanhα)ν
(2piν tanhα)1/2
, Yν(ν sechα) ∼ − e
(α−tanhα)ν(
1
2piν tanhα
)1/2 . (26)
Moreover, as ν →∞, it follows from [25, Equation 10.19.8] that
Jν(ν) ∼ 2
1/3
32/3Γ(2/3)ν1/3
, Yν(ν) ∼ − 2
1/3
31/6Γ(2/3)ν1/3
.
This shows that
Fνl,k(νl) = Jνl(aνl,k)Yνl(νl)− Yνl(aνl,k)Jνl(νl) ∼ Ce(α−tanhα)νν−5/6l , (27)
where
C =
21/3
31/6Γ(2/3)
(
1
2pi tanhα
)1/2 > 0
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and α > 0 is the unique solution to the algebraic equation
sechα =
gR(w)
w
∈
(
1
R
, 1
)
.
Imitating the proof of (10) and applying Debye’s expansion [25, Equation 10.19.6], we obtain that
Yν(νz) ∼
(
4
pi2(z2 − 1)
)1/4 [
sin
(
ζ(z)ν − pi
4
)
+O(ν−1)
]
ν−1/2, (28)
which holds uniformly for z on compact intervals in (1,∞). It thus follows from (10) and (28) that
Fνl,k(νlz) = Jνl(aνl,k)Yνl(νlz)− Yνl(aνl,k)Jνl(νlz) = e(α−tanhα)νO(ν−1l ), (29)
which holds uniformly for z on compact intervals in (1,∞). Thus, we finally obtain that
‖uklm‖L∞(D2(w/gR(w),))
‖uklm‖L∞(Ωshell)
≤ sup
1+/R<z<R
z1−d/2
|Fνl,k(νlz)|
Fνl,k(νl)
. ν−1/6l → 0. (30)
Combining (25) and (30) gives the desired result.
The two-parameter Lp-localization for Schro¨dinger eigenfunctions in spherical shells is stated as
follows.
Theorem 3.5. The notation is the same as in Theorem 3.4. Then for any  > 0 and p > 4, as l, k →∞
while keeping l/k → w > s(R), we have
‖uklm‖D(w/gR(w),)
‖uklm‖Ωshell
→ 0,
where gR(w) is defined in (16).
Proof. For convenience, set α = (1−d/2)p+d−1. For any r > 0 and  > 0, letD1(r, ) andD2(r, )
be the domains defined in (4). When l is sufficiently large, we have
‖uklm‖pLp(D1(w/gR(w),))
‖uklm‖pLp(Ωshell)
=
∫ w/gR(w)−
1 |r1−d/2Fνl,k(aνl,kr)|prd−1dr∫ R
1 |r1−d/2Fνl,k(aνl,kr)|prd−1dr
=
∫ (w/gR(w)−)aνl,k/νl
aνl,k/νl
zα|Fνl,k(νlz)|pdz∫ Raνl,k/νl
aνl,k/νl
zα|Fνl,k(νlz)|pdz
≤
∫ 1−/R
aνl,k/νl
zα|Fνl,k(νlz)|pdz∫ 1
aνl,k/νl
zαFνl,k(νlz)
pdz
.
Using the Paris-type inequality (23) and noting that f(z) = ze1−z is an increasing function on [0, 1],
we have ∫ 1−/R
aνl,k/νl
zαJνl(νlz)
pdz ≤ Fνl,k(νl)p
∫ 1−/R
aνl,k/νl
zα[ze(1−z)]pνldz
≤ Fνl,k(νl)p
∫ 1−/R
aνl,k/νl
[ze(1−z)]pνl+αe−α(1−z)dz
. Fνl,k(νl)pqpνl+α.
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where q ∈ (0, 1) is the constant defined in (24). Moreover, it follows from [25, Equation 10.19.8] that
as ν →∞ with a ∈ R fixed, we have
Jν(ν + aν
1/3) = 21/3Ai(−21/3a)ν−1/3[1 +O(ν−2/3)],
Yν(ν + aν
1/3) = −21/3Bi(−21/3a)ν−1/3[1 +O(ν−2/3)],
where Ai(z) and Bi(z) are Airy functions. Since Ai(z) > 0 and Bi(z) > 0 when |z| is sufficiently
small, there exists a > 0 such that
Jν(z) & ν−1/3, Yν(z) & −ν−1/3, for any |z − ν| ≤ aν1/3.
Thus, whenever |z − ν| ≤ aν1/3, it follows from Debye’s expansions (26) that
Fνl,k(z) = Jνl(aνl,k)Yνl(z)− Yνl(aνl,k)Jνl(z) & e(α−tanhα)νlν−5/6l , (31)
where α is the unique solution to the algebraic equation sechα = gR(w)/w. This implies that∫ 1
aνl,k/νl
zαFνl,k(νlz)
pdz ≥
∫ 1
1−aν−2/3l
zαFνl,k(νlz)
pdz & e(α−tanhα)pνlν−(5p/6+2/3)l .
Thus, for any p ≥ 1, it follows from (27) that
‖uklm‖pLp(D1(w/gR(w),))
‖uklm‖pLp(Ωshell)
. e−(α−tanhα)pνlν5p/6+2/3l Fνl,k(νl)
pqpνl+α . ν2/3l q
pνl+α → 0. (32)
On the other hand, when l is sufficiently large, we have
‖uklm‖pLp(D2(w/gR(w),))
‖uklm‖pLp(Ωshell)
=
∫ R
w/gR(w)+
|r1−d/2Fνl,k(aνl,kr)|prd−1dr∫ R
1 |r1−d/2Fνl,k(aνl,kr)|prd−1dr
=
∫ Raνl,k/νl
(w/gR(w)+)aνl,k/νl
zα|Fνl,k(νlz)|pdz∫ Raνl,k/νl
aνl,k/νl
zα|Fνl,k(νlz)|pdz
≤
∫ R
1+/R z
α|Fνl,k(νlz)|pdz∫ 1+
1 z
α|Fνl,k(νlz)|pdz
When 1 + /R ≤ z ≤ R, it follows from (29) that
|Fνl,k(νlz)| . e(α−tanhα)νlν−1l .
This shows that ∫ R
1+/R
zα|Fνl,k(νlz)|pdz . e(α−tanhα)pνlν−pl .
Moreover, it follows from (31) that∫ 1+
1
zα|Fνl,k(νlz)|pdz ≥
∫ 1+aν−2/3l
1
zα|Fνl,k(νlz)|pdz & e(α−tanhα)pνlν−(5p/6+2/3)l .
Therefore, when p > 4, we have
‖uklm‖pLp(D2(1/h(w),))
‖uklm‖pLp(Ωball)
. ν(5p/6+2/3)−pl → 0. (33)
Combining (32) and (33) gives the desired result.
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Remark 3.6 (dynamical phase transition). The above two theorems characterize the two-parameter
high-frequency localization for the Schro¨dinger eigenfunctions uklm in a spherical shell as l, k → ∞
simultaneously while keeping l/k → w. It turns out that the l-k ratio w has a critical value s(R), which
separates the parameter region into two phases. Interestingly, we observe a dynamical phase transition
when w crosses its critical value.
In the supercritical case of w > s(R), the eigenfunctions are localized around an intermediate
sphere with radius w/gR(w) ∈ (1, R). From (16), we can see that the localized radius is independent
of the strength c of the inverse square potential. Fig. 4(a)-(c) illustrate the graphs and heat maps of the
eigenfunctions in the supercritical case of d = 2, c = 1, R = 3, and w = 10 > s(R) ≈ 1.972 under
different choices of k and l, where the localized radius is w/gR(w) ≈ 2. In analogy to eigenfunctions in
balls, the eigenfunctions in a spherical shell decay exponentially inside the localized sphere and decay
polynomially outside the localized sphere. In addition, the eigenfunctions areLp-localized for any p ≥ 1
inside the localized sphere and are Lp-localized for any p > 4 outside the localized sphere.
In the subcritical case of w < s(R), according to our numerical simulations, the eigenfunctions
peak around the inner boundary of the spherical shell when l and k are large. However, localization
fails to be observed in this case. This can be seen from Fig. 4(d)-(f), which depict the graphs and heat
maps of the eigenfunctions in the subcritical case of d = 2, c = 1, R = 3, and w = 1 < s(R) ≈ 1.972
under different choices of k and l. This localization breaking can be explained as follows. If w < s(R),
we have w/gR(w) < 1 and thus the sphere with radius w/gR(w) is outside the spherical shell, which
hinders the formation of localization.
To further understand the phase transition, we introduce a quantity called the localization index,
which is defined as
γR,(w) =

lim
l,k→∞
‖uklm‖L∞(D(w/gR(w),))
‖uklm‖L∞(Ωshell)
, x > s(R),
lim
l,k→∞
‖uklm‖L∞(D(1,))
‖uklm‖L∞(Ωshell)
, x ≤ s(R).
which is a number between 0 and 1. It characterizes the maximum relative height of an eigenfunction
outside an -neighbourhood of the localized sphere. In the subcritical case, the localized sphere is
chosen to be the inner boundary of the spherical shell because the eigenfunction peaks around the inner
boundary when l and k are large. Obviously, L∞-localization occurs if and only if the localization index
vanishes for any  > 0. Fig. 3(c) depicts the localization index γR,(w) versus the l-k ratio w under
different choices of  in the case ofR = 3, where the critical value is s(R) ≈ 1.972. Clearly, the system
undergoes a second-order phase transition as w cross its critical value s(R). Here w serves as the tuning
parameter, γR,(w) serves as the order parameter, and l or k serves as the system size. It the subcritical
case of w < s(R), the localization index is always positive and thus localization of the eigenfunctions
fails to be observed. In the critical case of w = s(R), the localization index is zero, according to our
numerical simulations. This suggests that the eigenfunctions are localized around the inner boundary of
the spherical shell in the critical case.
We next consider the one-parameter high-frequency localization for Schro¨dinger eigenfunctions in
spherical shells as l→∞ and k is fixed. To this end, we need the following lemma.
Lemma 3.7. For each l ≥ 0 and k ≥ 1, we have
aνl,k
νl
>
1
R
.
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Fig. 4. Dynamical phase transition for Schro¨dinger eigenfunctions in an annulus. (a)-(c) Heat maps of the
eigenfunctions under different choices of l and k in the supercritical case, where the outer radius is chosen as R = 3
and the l-k ratio is chosen as w = 10 > s(R) ≈ 1.972. When l and k are large, the eigenfunctions are localized
around the circle with radius w/gR(w) ≈ 2. The eigenfunctions decay exponentially inside the localized circle and
decay polynomially outside. (a) k = 1. (b) k = 10. (c) k = 100. (d)-(f) Heat maps of the eigenfunctions under
different choices of l and k in the subcritical case, where the outer radius is chosen as R = 3 and the l-k ratio is
chosen as w = 1. The eigenfunctions fail to be localized in this case. (d) k = 10. (e) k = 20. (f) k = 50. The
parameter c = 1 in all cases and the eigenfunctions are normalized so that the supreme norm is 1.
Moreover, we have
lim
l→∞
aνl,k
νl
=
1
R
.
Proof. It follows from [26, Equations (1.1) and (4.5)] that
νl
R
< aνl,k <
k
R
fR
(νl
k
)
,
where fR(w) is the unique solution of the initial value problem (18). This inequality, together with (21),
gives the desired result.
Imitating the proof of Theorem 3.4 and applying the above lemma, we obtain the one-parameter
high-frequency localization for Schro¨dinger eigenfunctions in spherical shells as l→∞.
Corollary 3.8. For each  > 0, let AR() = {x ∈ Rd : 1 ≤ |x| ≤ R − }. Then for any  > 0 and
1 ≤ p ≤ ∞, we have
lim
l→∞
‖uklm‖Lp(AR())
‖uklm‖Lp(Ωshell)
= 0.
Proof. We only consider L∞-localization. Clearly, we have
‖uklm‖L∞(AR())
‖uklm‖L∞(Ωshell)
=
‖(aνl,kr)1−d/2Fνl,k(aνl,kr)‖L∞([1,R−])
‖(aνl,kr)1−d/2Fνl,k(aνl,kr)‖L∞([1,R])
.
When l is sufficiently large, we have νl/aνl,k < R and thus
‖(aνl,kr)1−d/2Fνl,k(aνl,kr)‖L∞([1,R]) ≥ ν1−d/2l Fνl,k(νl).
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Therefore, when l is sufficiently large, it follows from Lemma 3.7 that
‖uklm‖L∞(AR())
‖uklm‖L∞(Ωshell)
≤ sup
1≤r≤R−
z(r)1−d/2
Fνl,k(νlz(r))
Fνl,k(νl)
,
where
z(r) =
aνl,kr
νl
< 1− 1
2R
,
By Lemma 3.3, since f(x) = xe1−x is an increasing function on [0, 1], it is easy to see that
sup
z<1− 1
2R

z1−d/2
Fνl,k(νlz)
Fνl,k(νl)
≤ e(1−z)(d/2−1)[ze(1−z)]νl+1−d/2 . qνl+1−d/2,
where
q =
(
1− 1
2R

)
e
1
2R
 < 1.
This implies the desired result.
Remark 3.9 (whispering gallery modes and critical modes). The above corollary indicates that the
eigenfunctions are localized around the outer boundary of the spherical shell as l → ∞ and k is fixed,
leading to whispering gallery modes, as depicted in Fig. 5(a). Moreover, in the critical case ofw = s(R),
the eigenfunctions are localized around the inner boundary of the spherical shell. These eigenfunctions
will be referred to as critical modes, as depicted in Fig. 5(b).
Remark 3.10 (Breaking of focusing modes). Interestingly, the eigenfunctions are not localized in a
spherical shell as k → ∞ and l is fixed. Fig. 5(c),(d) illustrate two different shapes of eigenfunctions
under this limit, where no localization could be observed. This breaking of focusing modes, together
with the occurrence of whispering gallery modes, can be viewed as limiting cases of our two-parameter
localization. As l →∞ and k is fixed, we have l/k →∞. In the limiting case of w →∞ > s(R), the
localized radius w/gR(w)→ R and thus the eigenfunctions are localized around the outer boundary of
the spherical shell, giving rise to whispering gallery modes. On the other hand, as k →∞ and l is fixed,
we have l/k → 0. The limiting case of w → 0 < s(R) belongs to the subcritical case and thus fails to
produce localization.
4 Localization for Schro¨dinger eigenfunctions in sectors
In the section, we consider the eigenvalue problem (1) in high-dimensional sectors and annulus
sectors. We first consider the two-dimensional case when the domain Ω is a sector with polar coordinate
representation
Ω = {(r, θ) : r < 1, 0 < θ < βpi},
where 0 < β < 2. Similarly, all basis eigenfunctions of the eigenvalue problem (1) are given by
ukl(r, ξ) = Jνl(jνl,kr) sin
(
lθ
β
)
,
where νl =
√
l2 + c2 and jνl,k is the kth zero of the Bessel function Jνl . The localization behavior of the
eigenfunctions in sectors is almost the same as that in balls. As k, l →∞ while keeping l/k → w > 0,
the eigenfunctions are localized around the circular arc with polar coordinate representation
{(r, θ) : r = 1/h(w), 0 < θ < βpi},
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Fig. 5. Whispering gallery modes, critical modes, and the breaking of focusing modes for the Schro¨dinger
operator in spherical shells. (a) Whispering gallery modes, where we take l = 50 and k = 1. (b) Critical modes,
where we take l = 197500 and k = 10000. (c),(d) Breaking of focusing modes. (c) l = 0 and k = 20. (d) l = 1
and k = 20. The parameter c = 1 in all cases and the eigenfunctions are normalized so that the supreme norm is 1.
where h(w) > 1 is defined in (3). Moreover, whispering gallery modes appear as l→∞ and k is fixed
and focusing modes appear as k →∞ and l is fixed.
We next consider the two-dimensional case when the domain Ω is an annulus sector with polar
coordinate representation
Ω = {(r, θ) : 1 < r < R, 0 < θ < βpi},
whereR > 1 and 0 < β < 2. Similarly, all basis eigenfunctions of the eigenvalue problem (1) are given
by
ukl(r, ξ) = [Jνl(aνl,k)Yνl(aνl,kr)− Yνl(aνl,k)Jνl(aνl,kr)] sin
(
lθ
β
)
,
where aνl,k is the kth zero of the cross product (15). The localization behavior of the eigenfunctions in
annulus sectors is almost the same as that in spherical shells. As k, l→∞ while keeping l/k → w > 0,
the eigenfunctions undergo a phase transition as the l-k ratio w crosses the critical value s(R). In the
supercritical case of w > s(R), the eigenfunctions are localized around the circular arc with polar
coordinate representation
{(r, θ) : r = w/gR(w), 0 < θ < βpi},
where gR(w) is defined in (16). In the critical case of w = s(R), the eigenfunctions are localized
around the circular arc with polar coordinate representation
{(r, θ) : r = 1, 0 < θ < βpi}.
In the subcritical case of w < s(R), no localization could be observed. The whispering gallery modes
appear as l→∞ and k is fixed, while the focusing modes will not appear as k →∞ and l is fixed.
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In the high-dimensional case of d ≥ 3, a sector corresponds to a subdomain of the unit sphere
centered at the origin and forms a spatial angle. The spatial angle corresponds to a subdomain of the
unit sphere in the same way that a planar angle corresponds to an arc of the unit circle. The conclusions
in the high-dimensional case are almost the same as those in the two-dimensions case.
5 Discussion
In this paper, we present an detailed analysis of the two-parameter high-frequency localization for
the eigenfunctions of a Schro¨dinger operator with an inverse square potential in spherically symmetric
domains under the Dirichlet boundary condition. The localization is realized as the azimuthal quantum
number l and principal quantum number k tend to infinity simultaneously while keeping their ratio l/k
asymptotically as a constant. Four types of domains are considered: balls, sectors, spherical shells, and
annulus sectors. We prove that the Schro¨dinger eigenfunctions in the former two types of domains are
localized around a sphere or a circular arc whose radius is increasing with respect to the l-k ratio. In
addition, we show that the decaying speeds of the eigenfunctions inside and outside the localized sphere
are different: the eigenfunctions decay exponentially inside the localized sphere and decay polynomially
outside. We also show that the eigenfunctions are Lp-localized for any p ≥ 1 inside the localized sphere
and are Lp-localized for any p > 4 outside.
More interestingly, we find that the Schro¨dinger eigenfunctions in the latter two types of domains
experience a phase transition when the l-k ratio crosses a critical value. In the supercritical and critical
cases, the eigenfunctions are localized around a sphere or a circular arc whose radius is increasing with
respect to the l-k ratio. In the subcritical case, no localization of the eigenfunctions could be observed,
leading to a new phenomenon of localization breaking.
Our results generalize the previous results about the one-parameter high-frequency localization for
the eigenfunctions of the Laplacian from two different aspects. First, the Laplacian is a special case of
our Schro¨dinger operator when the constant c vanishes. Second, the one-parameter localization can be
viewed as limiting cases of our two-parameter localization when the l-k ratio is infinity or zero, giving
rise to whispering gallery modes and focusing modes in balls and only whispering gallery modes in
spherical shells.
Technically, we use the Lp norms to characterize two-parameter localization in the present paper. It
would be interesting to study whether the Schro¨dinger eigenfunctions are localized under other norms
such as the Ck norms, Ho¨lder norms, and Sobolev norms. Two future challenges are expected to be
solved. The first is to investigate the two-parameter localization for Schro¨dinger eigenfunctions in other
domains such as ellipsoids and polyhedrons. The second is to generalize the inverse square potential to
other deterministic or stochastic potential functions.
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